We show that the results for the soft couplings in supersymmetric gauge theories recently derived via the superconformal anomaly are equivalent to results obtained earlier from a consideration of exact RG-invariant trajectories. We give a full proof of these results for a general multi-coupling theory. Moreover, we demonstrate the existence of a distinct finite RG-invariant solution for the soft couplings in the case when the unbroken supersymmetric theory is finite.
Introduction
There has recently been interest in a specific and predictive source of supersymmetrybreaking originating in a vacuum expectation value for an auxiliary field in the supergravity multiplet, rather than from a hidden sector [1] . The result is that the various soft breaking masses and interactions (the gaugino mass M , the φ 3 coupling h ijk and the φφ * -mass m i j ) are all given, via the superconformal anomaly, in terms of the gravitino mass and the β-functions of the unbroken theory by simple relations that are renormalisation group invariant to all orders in perturbation theory. On the other hand, prior to this [2] [3] , it was shown how to write down RG-invariant trajectories for the soft couplings, given RG-invariant trajectories for the Yukawa couplings. In this paper we shall show that this approach leads in fact to precisely the same results for the soft terms as the superconformal anomaly one, except that because there is no high-scale physics input, the gravitino mass is replaced by a constant of integration. We shall give a careful analysis demonstrating the RG-invariance of the results in the general multi-coupling case. We also demonstrate the existence of a distinct RG-invariant solution for the case when the unbroken supersymmetric theory is finite; corresponding to a class of all-orders finite theories with broken supersymmetry (this is not, of course, a class of conformal non-supersymmetric theories, because supersymmetry is broken by dimensionful interactions).
For a N = 1 supersymmetric gauge theory with superpotential 1) we take the soft breaking Lagrangian L SB as follows:
We assume that there are no gauge-singlet fields and (for the time being) that G is simple.
In Refs.
[2]- [5] (see also Ref. [6] ) it was shown that the soft β-functions are given in terms of β g and the chiral supermultiplet anomalous dimension γ i j as follows:
where we define V (ij) = V ij + V ji , etc., and where
A word on scheme dependence. The results given in Eq. (1.3) are valid in the DRED ′ (or DR ′ ) scheme, introduced in Ref. [7] and established to all orders in Ref. [6] . They remain valid under a class of linked redefinitions of g and M [4] [5] , and in particular in a scheme where the NSVZ form of the gauge β-function is valid.
The conformal anomaly solution
In a previous paper [2] we showed that on an RG trajectory Y ijk (g), the following relations are RG-invariant:
1a)
Remarkably, these relations can be supplemented by the following equation, which is also RG invariant: 2) where M 0 is a constant. Presently we will verify the RG invariance of this equation; let us accept this for the moment, and substitute in Eq. (2.1). Noting that
we obtain
4a) 5) and hence using Eq. (1.3a) we find immediately We can also show that (see Eq. (A.7))
and hence, using Eqs. (1.4), (2.4a) in Eq. (1.3b), we obtain 9) which confirms the RG invariance of Eq. (2.4c).
The authors of Ref. [3] derived results similar to our Eqs. (1.3), the major difference being that they omit the X-term in Eq. (1.3d), apparently believing that it would be absent given a supersymmetric regulator. Here we disagree; consider, for instance, a general NSVZ scheme. By this we mean one for which β g is given by [9] 
for which we showed [5] that X is given by 11) where 12) and r is the number of generators of the gauge group and C(R) and C(G) are the quadratic matter and adjoint Casimirs respectively. X as given in Eq. i j diagonal and define a transformation from the NSVZ scheme to a new "holomorphic" scheme by 14) where Y a are the independent Yukawa couplings and R ai counts the number of fields Φ i at the vertex Y a . (This scheme, which was introduced in Ref. [5] , is related but not identical to the usual holomorphic scheme, for a discussion of which see Refs. [10] .) It is then easy to check using Eq. (2.10), (2.11) , together with the transformation rule for X given in
Ref. [5] , that β α H is one-loop exact and X H vanishes to all orders. As an example, if there at least as many independent Yukawa couplings than there are fields, then we may in general define a matrixR ia such thatR ia R aj = δ ij . We may then take F in Eq. (2.14) to be given by 15) isation to a gauge group with a direct product structure (
is unaffected, but we must replace Eq. (2.2) by
Thus at a unification scale M X such that g I = g X for all I, the gaugino masses do not themselves unify. Their ratios are, however, determined by the values of the corresponding gauge β-functions at M X , that is, by the ratios of the one-loop β-function coefficients (in the one-loop approximation). We note also that if one or more of the gauge group factors is abelian, then the Fayet-Iliopoulos D-term is renormalised, even if set zero at (say) M X . If D is eliminated using its equation of motion then this renormalisation gives rise to additional contributions to β m 2 beyond those included in Eq. (1.3d); see for example
Eq. (11) and Eq. (16) of Ref. [11] . Our results do, however, apply to the abelian case as long as we do not so eliminate D ab initio. For a discussion of the phenomenological consequences of the linear D-term in the MSSM, see Ref. [12] .
The finite case
We turn now to the finite case, corresponding to a choice of RG trajectories (2.4) give zero for all the soft parameters. However, we know that there are non-trivial values for soft couplings consistent with finiteness, at least through two loops [11] ; and we can in fact generalise this to all orders by demonstrating the existence of a distinct set of RG-invariant trajectories for this case. We begin by replacing Eq. (2.2)
where M 0 is constant. Now from Eq. (1.3a, b) it is clear that to get
The solution to this is evidently 
and hence we see from Eqs. (
Let us now turn to the case of m 2 . It is clear that we must re-examine the derivation of Eq. (2.1c) in Ref. [2] , since it is ill-defined in the finite case. This derivation proceeded by proposing a relation for m 2 of the form 
Acting on Eq. (3.4a) with
, and using Eq. (3.7), we obtain (3.8) Using this identity, together with Eq. (3.4b), we can show (assuming that on the RG
provided we choose
, (no sum on a) (3.10) where R ai was defined earlier.
In our previous work we assumed f i (g) = f (g) for all i; this is sufficient but not necessary for an RG invariant solution [14] . The challenge is now to solve Eq. (3.10), a task which is complicated by the fact thatX depends on f i , as can be seen from the explicit expression in the NSVZ scheme, Eq. (2.11).
In the finite case, the results of Ref. [3] were used (again omitting X) in Ref. [13] to derive a result equivalent to Eq. (3.10). However, even in the finite case there is no reason to expect X to vanish in general. For example, consider the case of a finite trajectory for a single real Yukawa coupling Y and a single chiral field. Suppose moreover that we are working in an NSVZ scheme as described above. The finite trajectory is given by Y = ag + bg 5 for some constants a, b (there is no O(g 3 ) term since one-loop finiteness automatically implies two-loop finiteness [15] ). Then one can in principle solve Eqs. (3.10) and (2.11) , and the result for X is clearly non-zero at O(g 7 ).
It is interesting to compare the leading order results for the scalar masses in the general (Eq. (2.4c)) and finite (Eq. (3.10)) cases. Neglecting Yukawa couplings, Eq. (2.4c) 3.11) so that m 2 < 0 for a non-asymptotically free gauge group. This causes problems with slepton masses in the MSSM; various ways round this are discussed in Ref. [1] . On the other hand, Eq. (3.10) gives
Finite GUT phenomenology attracts occasional interest [16] but is lacking a convincing derivation from an underlying theory. In the non-finite case, on the other hand, the conformal anomaly justification is very elegant [1] , and is being pursued energetically in spite of the difficulty mentioned above. Unfortunately, all solutions proposed so far sully to some extent the purity of the conception.
In Appendix A we present some technical details associated with our derivation, and in Appendix B some remarks on the Method of Characteristics as applied to the β-function equations. We start with the demonstration of RG invariance of Eq. (2.2). We define
Now on use of Eq. (2.4a), we find 3) where
However, it is easy to show that 
Two identities are required to prove this starting from Eq. (1.3d). The first (which follows by repeated application of Eq. (A.6)) is
The second identity is that if Eqs. (2.4a, b) are imposed, then
(A.10)
An equivalent identity was deduced in Ref. [2] (Eq. (30), with A = 0); we can also prove it directly using the explicit forms for β g and X in the NSVZ scheme given in Eqs. (2.10), (2.11) . Finally, expanding out OO * in Eq. (1.3d), applying Eq. (2.4) , and comparing with the result of expanding out the right-hand side of Eq. (A.8) and using Eqs. (A.9), (A.10), we find that Eq. (2.9) is satisfied.
Appendix B.
Here we indicate the relationship between the conformal anomaly solution given in Eqs. (2.2) , (2.4) and the characteristics of Eqs. (1.3) . For simplicity we restrict ourselves to the case of one real Yukawa coupling. Eqs. (1.3a, b) may be written as
1a) 
